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Abstract 
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Mathematics 34 (1991) 125-130. 
A relaxation Schwarz alternating method for elliptic problems and their finite-element solutions is proposed and 
studied. The method with suitable relaxation parameters is shown to be much better than the conventional 
Schwarz alternating method. 
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finite-element solutions. 
1. Introduction 
There are two kinds of domain decomposition methods. For one of them, the domain is 
decomposed into nonoverlapping subdomains, the solutions on neighboring subdomains are 
related by certain continuity conditions at the interfaces. For the other kind, the domain is 
decomposed into overlapping subdomains, and an iterative solution procedure is used alterna- 
tively over the subdomains. Usually, the latter is called the Schwarz alternating method. The 
reader is referred to [2,4] and the references therein for papers on domain decomposition 
methods. 
One drawback of the Schwarz alternating method is that the convergence of the sequence is 
slow. In this note, we propose and analyze a relaxation Schwarz alternating method to accelerate 
the convergence. Numerical examples show the dramatic improvement on the convergence speed 
by introducing suitable relaxation parameters. Our work is based on the functional framework 
for the Schwarz alternating method provided in [l]. For the domain decomposition method with 
nonoverlapping subdomains, relaxation on interfaces is introduced and studied in [3,5]. 
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2. The relaxation Schwarz alternating method and its convergence 
Let V be a Hilbert space with inner product (-, .) and associated norm 11 . 11. Let f be a linear 
continuous functional on V, a be a continuous, V-elliptic, symmetric bilinear form on V. By the 
Lax-Milgram lemma, there is a unique u E V, such that 
a(u, U) =f(u), VUE v. (2.1) 
Assume there exist m Hilbert subspaces v c V, i = 1,. . . , m, such that 
m 
(2.4 
where 
2 y=( &,u;E& i=l,..., m}. (2.3) 
i=l i=l 
Given m numbers wi, i = 1,. . ., n-z, the relaxation Schwarz alternating method to be studied in 
this note is the following. 
Chooseaninitialguess u(‘)=C~ u(O) U!“E F, i=l,...,m. r=l I ) I 
For n 2 1, assume we already have u(“-‘) = C~!I~j”-‘) with ~j~-l) E y, i = l,.. ., m. We 
compute 2.4 (n) = C:!~U$“), where for each i = 1,. . . , m, 
u!“’ = &J.jj!“’ I I I + (1 - W;)Ujn-l), (2.4) 
and Uln) E V, is the solution of 
i-l 
a(Cj”), Ui) + C L2(Ujn), ui) 
j=l 
Theorem 1. Assume wi E (0, 2), i = 1, 
Schwarz alternating method converges: 
lim 11 zJn) - u 11 = 0. 
n-cc 
+ 
. . . , m. For any initial guess u (‘) = C~Zlujo), the relaxation 
f a(uy), ~i)=f(~,), VUiE ~. (2.5) 
;=i+l 
Proof. Let u = CLIui, U, E y, i = 1,. . . , m, be a decomposition of the solution u. Denote 
(2.6) 
eCn)=uCn)-u e!“)=ul”)-uj, i=l,...,m, lulll=(a(U, U)) 9 I v2 We prove the theorem in four . 
steps. 
Step 1. For any positive integers n and p, we prove: 
le la (n) 2 - , e 
m 2-w. 
(n-l) If + C ---&I e!“) - el(n-l) 1,’ = 0, 
i=l 
, ,(n+p) + ,(n) If _ , e(“+P-l) + e(“-l) If 
m 2-w. 
+c 
*I e!“+P) + e/n’ _ e/n+P-l) - e(n-l) 1; = 0. 
i=l z 
WI 
P-8) 
Weimin Han / Relaxation Schwarz alternating method 
From (2.4), (2.5), we obtain 
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m 
4 l a (n) _ *_“rU(“-1) +c g”’ + c U<n-l), U_ =f( u) z"i wi ’ J I i 2 i=l I j-ci j>r 
m (2-9) 
vu = c ui, uiE J$, i=l,..., in. 
i=l 
In particular, taking ui = el(“) - e/“-l), i = 1,. . . , m, (2.9) reduces to (2.7). Summing up (2.9) for 
iterations n and n +p, and then taking ui = ejn+p) + e!“’ - e!n+pP1) - e,‘“-‘I, i = 1,. . . , I I m, we 
obtain (2.8). 
Step 2. For any positive integer p, we prove: 
lim 1 e(n+p) 
n-*oo 
+ ecn) I,2 = 4,1\; 1 e(‘) 1:. (2.10) 
The limits on both sides of (2.10) exist, since from (2.7), (2.8) the nonnegative sequences 
{ l ecn) l a } , { l e(n+p) + e(“) I a } are decreasing. From 
le (n+p) + ecn) l a < l e(n+p) l c1 + l ecn) I a < 2 l ecn) l =, 
we get 
lim l e (n +p) + ecn) I a < 2 lim l ecn) I a. 
n+m n+cc 
On the other hand, once more from (2.7), we have l ei”’ - ejnpl) I a + 0 as n --, cc, i = 1,. . . , m, 
which implies l e(n+p) - e(“) I n + 0 as n + cc. Thus 
2 I e(“) I a < I e(n+p) + ecn) I a + I e(n+p) - ecn) I a, 
2 lim l ecn) I u < lim l ecnfp) + e(“) I a. 
n+m n-+02 
Hence, (2.10) holds. 
Step 3. We prove that { e(“) } is a Cauchy sequence, hence ge E V such that 
ecn) + e inI/, asn-,cc. (2.11) 
In fact, by using (2.10) and the decreasing property of { l ecn) l a }, { l ecn+J’) + e(“) I n }, 
I e(n+P) _ ,(n) 1,’ = q I e(n+P) 1,’ + I ,(n) 1:) - I e(n+P) + ,(n) If 
<4le a Cn) 1 2 _ lim 1 e(l+P) + e(l) 1,’ 
I+02 
= 4( l ecn) 1,’ - ,li% l e(l) 1:). 
+ 
For any E > 0, XV, such that for n > A’,, 
le (n) I ’ - lim I e(‘) I,2 < +c2, = I-00 
thus, l e (n+p) - e(“) I -c E i e . -7 { ecn)} is a Cauchy sequence. 
Step 4. We prove “the knit function is zero: 
e=O. (2.12) 
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In (2.9) taking ui = e!*) - ejPP1), i = 1,. . . , m, we obtain 
l (n) _ 
J. ei 
I 
Exchanging the positions 
1 - w. 
2,(n-1) + c e/‘“’ + c ey), @) - e!P-l) 
wi ’ 
= 0. 
jci j>i i 
of n and p, we have another relation: 
1 - w. 
re(P-l) + c ,jP) + c eyl), e;“’ - el(n-l) 
wi r 
= 0. 
j<i j>i 1 
From the last two relations, we get 
m 2-w. a(e(“), ,(P)) - a(e(“-i), &-1)) + c +a( ej”) - e,(“-l), e!P) - ejP_i)) = 0, 
i=i ’ 
1 a( ,m, ,(P)) - a( e(“-‘), e(P--l)) 1 
Letting p + 00, we obtain a(e(“), e) = a(e(“-‘), e), V’n. Thus, a(e(“), e) = a(e, e), V’n. Fix a 
decomposition e = Cy!iei, e, E I$ i = 1,. . , , m. Using (2.9) with ui = ei, i = 1,. . . , m, we obtain 
a(e, e) =a(ecn), e) =a(dn), e) -f(e) 
m 
= 
z( 
a 2 ( uinP1) - u!“)) + C (u(“) - uj”-l)), e, 
i=l I j>i 
< c ma l u!“) - utnpl) 
l<ldrn r l 
I,+=0 asn+cc. 
Therefore e = 0, and the proof of the theorem is completed. Cl 
3. Applications to elliptic problems and their FE solutions 
Let D be a bounded domain in RN. Let u E HA(Q) be the solution of the following 
second-order, symmetric, uniformly elliptic boundary value problem: 
at, -- 
i 1 aij&, + aou =f, in Q, I J (3.1) 
u = 0, on a52, 
which is equivalent to: find u E V such that 
a(u, U) =f(u), VuE V, 
where 
(3.2) 
v= H,1(1(2), a(u, U)=kij($)(g) +aouu, f(“)=/fu. 
D 
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We decompose 
9= ijQi P-3) 
I=1 
such that corresponding to this decomposition, we have a smooth partition of unity. In other 
words, there exist m smooth functions qi, i = 1,. . . , m, such that supp( ni) is a compact set of Gi 
relative to the topology of fi, and 
(3 -4) 
i=l 
Now we define m subspaces 
~={z.~EH,‘(O)lu=OinD\ti~}, i=l,..., m. (3.5) 
By the property of the decomposition (3.3), we have V= C~=iI$ Thus, for o, E (0,2), i = 1,. . . , m, 
the relaxation Schwarz alternating method described in Section 2 for the problem (3.1) con- 
verges. We note that the subproblem (2.5) in this case is an elliptic boundary value problem on 
1(2,. 
Next, we use the relaxation Schwarz alternating method to solve a finite-element solution for 
the problem (3.1). We assume s2 is a polygonal domain, each subdomain Oi in the decomposition 
(3.3) is also a polygonal domain. We consider a triangulation r, = { T } of 0 such that the 
restriction r,,i of r, on Oi is a triangulation of Lni, i = 1,. . . , m. We use linear elements: 
where PI is the space of polynomials with degrees less than or equal to 1. Then, a finite-element 
solution of the problem (3.1) is uh E V,, satisfying: 
+h, Uh) =f(u,>, v’u, E v,. (3.6) 
If we let Vhi= yf7 V,, i=l,..., m, then obviously V, = CziV&. Thus, for wi E (0, 2), 
i= I,..., m, the relaxation Schwarz alternating method for the discrete problem (3.6) converges. 
We note that the subproblem (2.5) in this case, is a finite-element problem on fii. 
4. Numerical example 
We use linear finite-element solutions u,, on uniform triangular meshes to approximate the 
solution of 
-Au= 1, in 52, 
u = 0, on aG!, 
where Q = (0, 2) X (0, 1). We decompose 1(2 into four subdomains: 9, = (0, 0.6) x (0, l), 
& = (0.4, 1.1) X (0, l), D, = (0.9, 1.5) X (0, l), Sz, = (1.4, 2) X (0, 1). For the initial guess, we 
choose u(O) = 0, 1 < i G 4. We use wi = w, 1 G i 6 4. 
For the uniform triangular mesh with meshsizes along the x-direction and y-direction equal to 
0.025, the maximum value of the FE solutions is 0.1138. In Table 1 is given the maximum error 
(n) _ 11 uh uh (( LmcQj of the solution uh (n) obtained from the relaxation Schwarz alternating method 
for various relaxation parameters w. We note that the solution with w = 1.2 after five iterations is 
130 
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n w =1.4 0 =1.3 w =1.2 w =1.1 W=l w = 0.9 
1 0.6377.10-’ 
2 0.1239.10-’ 
3 0.1186~10-1 
4 0.2055.10-* 
5 0.1295.10-2 
6 o.5530.10-3 
7 0.2394.10-3 
8 o.9170.10-4 
9 0.5125.10-4 
10 o.1117~10-4 
0.7085.10 -i 0.7420.10-i 
0.2328.10-’ 0.3390.10-’ 
0.5685.10-* 0.1478.10-’ 
0.1372.10-* 0.6419.10-* 
0.2706.10p3 0.2792.10p2 
o.5130.10-4 0.1214.10-* 
0.8565.10-5 0.5280.10-3 
0.1521.10-5 0.2296.10-3 
0.3474.10K6 0.9984.10-4 
o.3317.10-7 0.4342.10-4 
0.7743.10-i 
0.4345.10-’ 
0.2395.10-’ 
0.1311~10-’ 
0.7151. lop2 
0.3895.10-* 
0.2120~10-* 
0.1153~10-* 
0.6272.10-3 
o.3411.10-3 
0.8054.1OK’ 
0.5207.10-’ 
o.3311~10-1 
0.2091.10-’ 
0.1315~10-’ 
0.8246.10-* 
0.5164.10p2 
0.3230.10-* 
0.2020~10-* 
0.1262.10-* 
better than that with w = 1 (the solution from the conventional Schwarz alternating method) 
after ten iterations. How to choose good relaxation parameters is a difficult problem which is 
under the author’s serious consideration. 
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